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Abstract 


The nonrelativistic equation may be derived from generalized commutation relations 
with a matrix form of the momentum operator. The four-component spinor may be 
reduced to two components by a Majorana or anti-Majorana condition, which produce 
different coefficients of the Laplacian. The condition on the Hermitian conjugate of a 
Majorana fermion field is the equivalent of the anti-Majorana spinor, and a theoretical 
explanation is given for the essentially vanishing positron current in system consisting 
of negative-energy electron states. The mass of the electron would result from its 
representation as a predominantly Majorana spinor. The transformations from Weyl 
spinors to Majorana spinors can be mapped isomorphically to a subset of an SL(2;R) 
subgroup of SL(2;C), which reflects the infinitesimal mass of the neutrino. The 
neutrino mass term can be transformed into another spinor bilinear through this 
transformation. After a transition to a quantum state with the coefficient derived 
from this expansion, an iteration of the algorithm yields a final state with after a 
finite sequence. The identification of these states in each fermion generation with 
the leptons provides a theoretical explanation of the Koide relation for leptons and 
neutrinos and a prediction for my,, my, and m,,. A generalized wave equation is 
deduced from the Hamilton-Jacobi equation for the WKB wavefunction and the path 
integral for a new nonrelativistic action. 
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1. Introduction 


The commutation relations of quantum mechanics can be given a functional 
form by equating the momentum operator with —ii-£. The commutator of 
the position and momentum variables then would be {r, p| = th. By contrast, 
the Poisson bracket of these phase space coordinates in classical mechanics are 
{x,p}p.2, = 1, and there exists no classical limit of the quantum commutator 
without introducing a real term into the relations. 

The condition of Hermiticity of the observables then requires that the real 
term is not a numerical multiple of z. Instead, a matrix is added to the 
generalized momentum. In three dimensions, it would be ; = (Koy! — in), 
2]. The adjoint equals j! = («o(7')t + én) 

Ox; ~ Koy 2 - ing. The equation for the energy 


(1.1) La +V(2) = 


now becomes 
(12) ay (CAB 1?) 2p — atv y + Ve = By, 


which represents a coupled set of Swi for the components 41, , W4. 

The equations may be simplified by imposing a condition on the spinor 
of the form 7 = +¥7C, where C is the charge conjugation matrix. When 
ob = —-v7C, and the components are real, the set of coupled equations reduces 
to the Schrédinger equation in one dimension 


Oy 
~ 2m Oy? 
when ko is set equal to fi after setting the derivatives with respect to the other 
coordinates equal to zero. However, if % = 47C and the components are real, 
the nonrelativistic wave equation is altered to 

3h? ay 
(1.4) 2m Oy? +V(z)p = By. 
The effect of the new coefficient is generally a multiplicative factor in the 
energy levels. 

The consequences of these spinor conditions will be investigated. The 
fermions in four-dimensional quantum field theories usually satisfy the re- 
lations } = pty = UTC. These actions generally are Lorentz invariant, and 
a generalization to the nonrelativistic equation for scalar and spin-} fields is 
necessary. The modified equations have been developed [1][3] and a study of 
the Lagrangian field theories then would follow. The anti-Majorana condition 


(1.3) +V(y)b = Ey 
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wb = —wW™C also shall be examined with respect to its effect on transformations 
of spinor bilinears. 

The vanishing of a set of bilinears for Majorana and anti-Majorana spinors 
is developed in a study of the positron current. The Hermitian adjoint of a 
Majorana fermion field is found to be compatible with the equivalent of an 
anti-Majorana spinor condition. The spinor bilinear representing the current 
constructed from the Hermitian adjoint then vanishes for these fermions. A 
theoretical explanation then may be given for the nearly vanishing positron 
current in the system of negative energy electron states. 

The electron would be a predominantly Majorana spinor field, which causes 
the observation of particles with the effective mass reduced by a factor of 3 
in cosmic rays. The neutrino is essentially a chiral spinor, which is a nearly 
massless field. Both the electron and the neutrino occur in an $U(2) isospin 
doublet in the theory of the electroweak interactions. A connection between 
the mass terms of the lepton and the neutrino is established by demonstrating 
the existence of a transformation between the Weyl spinor and the Majorana 
or anti-Majorana spinors. Both mass terms require a combination of differ- 
ent types of spinors to be nonvanishing. The neutrino spinor bilinear may 
be expanded to give two bilinears consisting of Majorana and anti-Majorana 
spinors. The first vanishes, while the second has a coefficient that is increased 
by a factor of 2, After a transition to a different set of four-component spinors 
that are embedded in an eight-component spinor similarly to the chiral spinors, 
an iteration of the transformation yields a sequence of scalar bilinears of quan- 
tum states. The sequence continues until a finite quantum state, which has a 
coefficient representing the mass of this state. The mass coincides with that of 
the electron in the first fermion generation. The proportionality of the mass 
of the lepton and the neutrino is demonstrated to be valid in the second and 
third fermion generations by the Koide relation. The masses of these neutrinos 
are predicted from the proportionality and the masses of the muon and tau 
lepton, 

The Schrédinger equation may be deduced from a Hamilton-Jacobi equation 
and also the path integral. The first method consists of an equality between 
the wavefunction and the exponential of the WKB phase factor. The second 
follows from a definition of the expansion of the path integral over an infini- 
tesimal time interval. A generalized Lagrangian in the path integral results in 
a modified Schrédinger equation. 
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2. The Effect of the Spinor Conditions in Quantum Field Theory 


Beginning with the nonrelativistic matrix wave equation in component form 


v1 


2 2: 
(2.1) at") be 


vs 
va 
vr 
0 ) 8 R-iaz 
(2.2)  — imoh 0 0 | a+ie -% ve 
5 = -8 -a+ia? 0 0 
-H-i HF 0 0 vs 
ba 
cat 
v1 
ag] 
+V(x) =E ig 
vs 
vs 
Ya 
wa 


with Ko = fh, 


Poo ica _ Wi ia 
(23) -FV*n - is divs - iz Ota - aoa +V(z)t1 = En 


1?» _ he a Aa 
ee ea ig dies + a as + iz Oi +V(x)vbs = By 


PO Ps aia ica 
a abs + ig On + ig iva + ao? +V(x)b3 = Evs 


id re 
ayn O21 — 15 O82 + V (aba = Ev. 


Po Rr 
Ne Ua + ig Oth 7 
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The spinor now will be required to satisfy the condition 2 = uC, where 
0 
~io? 
to" 
0 
Then Yj = v4 and v3 = —y3 and 


C= is the charge conjugation matrix in the Dirac representaion. 


3h? 5 
(2.4) D2 + V(x) = Ex 


2 
~F oa + Vaya = Bua. 


The anti-Majorana condition % = —v7C has the solutions wt = —y4 and 
3 = 3. The set of coupled differential equations [2] then is 


2 2 

(2.5) Evi iE ote ie ORY Pavitt ven = Evy 
2 2 
ele Tia Imi F out +Vieva = Eby 


—Evtys tia ¥ ots tin F ots + in +V(a)v3 = Bus 
li ' _ 

mv vi Se ‘Pon = Kaw > iO —V(a)v} = Eyj. 

The fourth equation is the negative of the conjugate of the first, and the third 

equation is the conjugate of the second. For a real spinor, with 0; = d3 = 0, 


2 
(2.6) -Eéhs + Va = Bs 


he 
a Sah + V(a)¥2 = Evo. 


which is the Schrédinger equation in one dimension if the potential is a function 
only of 2. 

The generalization of the momentum operator then may be extended to rel- 
ativistic scalar fields and fermions. the analogue of the Klein-Gordon equation 


[3] is 


(2.7) a —5V°6+m?d=0 
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and the square root [1] is given by 
(2:8) (V37"a — V57d; — m)y = 0. 
It may be recalled that the relativistic formula 


(2.9) B= Vepe+mc 


can be expanded as 


bs lp? __ial* 
(2.10) E=me?+ Om ams to 
Incorporating the rest mass energy mc? into V(z), the classical approximation 
Etot = i +V(zx) would be valid to O (=) when v <c. 

Therefore, the nonrelativistic equation must be recovered in this limit. It 
is consistent, therefore, to consider the spinor conditions in the relativistic 
field theories. First, when 7 = %7C, the equation of motion for the fermion 
is given by Eq.(2.9), derived from from the modified Klein-Gordon equation 
(2.8), which is equivalent to the energy formula 

24 
(2.11) Bw ala i= 
where the energy is defined with respect to the Euclidean coordinate 7, with 
t = tr. The momentum vector p4 = (p°p) is a Lorentz four-vector, and yet 
the derivatives in the classical mechanics may defined with respect to a time 
coordinate that is independent of the spatial coordinates. Furthermore, with 


the magnitude of momentum |p]? =m | 


2 2 
= m| - ig| = ml ge ; and the entire formula (2.12) can be interpreted with 


a single time variable. It is clearly a modification of the standard relation 
between energy and momentum which occurs also in the formula obtained 
from the nonrelativistic wave equation (2.5) with a coefficient of 3. 

The fermion action giving rise to Eq.(2.9) is 


(2.12) Shen f aad [vivre —Vieia— m| a 
and the quantum propagator [1] equals 
(+ i75)(-P+m))as 

5E? + 3|p}? + m? 


in units with A = 1. The scattering cross sections for various reactions near the 
classical scales then may be computed through the diagrammatic expansion 
of the S-matrix, 


(2.1) Srrap = 25i 
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Now suppose that the conjugate of the fermion field is = —YTC. The 
Schrédinger equation is recovered in the nonrelativistic limit, and the quan- 
tization of the relativistic action then could be developed with the standard 
energy formula without matrix operators. The Klein-Gordon and Dirac equa- 
tions would be derived. Both the action and the perturbation series would be 
similar to the standard expressions except that the spinor bilinears would be 
defined to be py#!...y#ry = —YT Oy... rx. 

Consider spinor bilinears % and yyw, where the Dirac and Majorana con- 


jugates are equal, } = yty° = uTC. While 


For an anti-Majorana spinor 
(2.14) db = YT Cp = -(bT Cp)? =-yTCTy 
= 07Cy = -(-¥7O)v — -dy 
and YY must equal zero, while 


(2:18) Poth = oT Oye = YT" (—74)T Oy 
= OP(O = (UP (POV)? = VOT yh 


= oT oy 

= yy. 
Again, the current density can be nonvanishing. The other bilinears are 
(2.16) dsb = —vT Cys = WT of Cu 


= (UB CU)? = YF OT a5 
= 07 Orsb— = —drsb 


(217) Dolatly = yo eyrly = yg (yh) Cy 
= PP To Cy = — (YT yh TT Oy)? 
= POP Watley = —¥8F(—C)(—yy"l wp 
= BPC = byt ly 


and 
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(2.18) datas = — BP Cy ye = 97 (—7" TCr=v 
= Brot PEO = (WT 4H MECH) = YT CT yp yp 
= 0 Cyeyt = oC 
= — dy ov. 
Consequently, sv and Py") would equal zero and there are no Lagrangian 


field theories consisting of a fermion field satisfying the anti-Majorana spinor 
condition with axial currents. 


3. Particle and Antiparticle Currents 


The expansion of a fermion field psi is 
ey) wags [ = 93 [at (er? us(p) + Hf He"*v,(p)] 


where a(f) is annihilation operator of a particle state, b1(f) is a creation 
operator of an anti-particle state of momentum and helicity s, and Us(P) 
and v,(p) are two-component spinors normalized by ul (p)us(p) = ul (P)vs(p) = 
2Epdrs. Both sets of terms represent the equivalent of the annilhilation of a 
single fermion state, since the creation of the antiparticle is interpreted to be 
the removal of an electron. The hermitian adjoint of this field is 


62) We=ga/ oe Y let He”*}ut a) +d.) *VlH] 


there describes the expansion of the antiparticle field. Nevertheless, the for- 
mulation of these integrals is consistent with 7 annihilating particle states and 
wt creating particle states. Suppose that (a) is a Majorana spinor. Then 
(3.3) B= (WTO) = (07)? = —C(YIT 


which is the equivalent of the anti-Majorana condition. From §2, Xy"x is not 
required to be zero when x is an anti-Majorana spinor. However, given that 
® is a Majorana spinor and 1 is an anti-Majorana spinor, 


(3.4) =P =voyP 
Bt = (Ht = ab 
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where C is the charge conjugation matrix with C-! = CT = —c, C+ = CG, 
and 


(3.5) Why = —¥F 09H = —vh O(a) ebay 
= Bit) OT Wa = —(bt yO) na (HCP, 
= PhO) O1 Dh, = vho?(—9") Pa, 
=the, 


wherer wy is the Majorana fermion and vt is the anti-Majorana anti-fermion. 
The difference between this bilinear and Eq.(2.20) is the role of y as a Ma- 
Jorana spinor, which yields the identity Yt = ¥7y°C-1. Consequently, the 
current ty vanishes. 

The physical effect of this vanishing current may be related to the filling 
of the negative energy electron states [5]. The zero-energy state, with no 
positive energy electrons, generally would be regarded as inert without any 
movement or interactions. The scattering off a system in this zero-energy 
state releases an electron from one of the negative energy states, which cannot 
be reached from positive energies by the exclusion principle, and creates a 
positron. It is evident that the energy is imparted to the electron externally 
with positron remaining nearly static internally within the initially zero-energy 
system. Consequently, the electrons may generate a current, while there may 
be essentially no positron current. 

Positrons have been identified with electrons moving backwards in time (7). 
If an electron wavefunction is represented as us(p)e~?* = u,(j)eZat ie , the 
reversal of time would transform the positive frequency mode to e*2»t+#?'@ oy 
equivalently e~‘(-Fp)t+¥#, which has negative energy. Therefore, the positron 
state can be viewed alternatively as a negative energy electron state. 

The zero-energy state then consists of a continuum of Positrons without 
only negligible motion. The positron current then would be almost zero. By 
contrast, it is possible for a nonvanishing electron current externally to this 
state. The vanishing of the current for ~! then verifies the dynamics of this 
physical model of the electron as a predominantly Majorana spinor field. 
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A general fermion field y can be written as a linear combination of a Ma- 
jorana spinor ¥; and an anti-Majorana spinor 2; since 


vu bar 
(3.6) Paki tkeve=h} YM? |ak| 

—Vig Vio 

vir —on 


because there are eight equations for twelve unknowns Re k,, Im ki, Re k, 


Im ka, Re vi, Im v1, Re vio, Im ya, Re var, Im yoy, Re v9 and Im wap. 
It follows that 


(8.7) bth = [kira + kikodi ye + hikjboy dak ky + |heol* boyy. 
Since 
(3.8) Dry he = UE Cybe = uf (-74#)? Ov 

= (-of  TCy)? = of CT yd 

= 0g Cyt = day, 


(3.9) Doles = [ha [Dry dha + |ha|? Dore + (tke — kik) diya 


Currents consist of coupling of Majorana spinors or anti-Majorana spinors 
only when arg ky = arg ko or arg ky = arg ko +7. Furthermore, 


(8-10) (Dr yb2)* = (hyo bo)* = Tyo" th = (WT YH td)? 
=f td = det 

Therefore, %7"v9 is imaginary and 

(3.11) kikodry'be + kikjdeydy = 2 Re [kikodiy"42] 


is always real. It again vanishes when arg k, = arg ko and arg ky =arg ko+n. 
The mass term in the Lagrangian equals 


(3.12) mobrp = m(|ki|?drds + |kol? + Af koPi ve + kukjdoy. 
By §2, dit = doe = 0, while 
(8.18) Gabe = YT Cha = (UF Cho)? = vECT A = VF CL = dor. 
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and 


(3.14) (Gate) = did3 = ty)? 
= UTP)” = TY)? 
=U = brn. 
The mass term equals 
(3.15) (kik2 + kik3) Dive = 2 Relkjke diy2]. 
Since ¥y2 is real, this expression is real if arg ky = arg kp or arg ky = 
arg kg+n. 
The kinetic term equals 

(3.16) = 7 Z 
ibytOuh = illka Piya + [he|?’ boy" Ourhe + ki kodi yee + kikgdey“O,rbr. 
Since 
(3.17) i fh ate [ktkoGiy4O,0,rb0 + kikjDey"O,ab1] 

=i ‘8 alk kaay!"Oyrbo — kakSODve) 

= 4 [abe (hak DrOaa — bak$8, (i v'va) + kjdry"Qbo 

=i if ae kk + kxkS)G1!"Opa — thik} HM conta 
and the boundary integral vanishes when 71, v2 ~ a € > 0, under these 
conditions, the kinetic action equals 
(3.18) i a dhe (Ikx|?Diy Oy + [kalba Oyabe + (kitha + kik$)r7"O,0ba. 
The complex conjugate of ivry2y1 
(3.19) (dr y*Outa)* = -i(v}y°)# *O,vt = iv 74 “Out 

= 19,01 ytd = i,t vr 

can be integrated to give 
(3.20) -i if de Oubt yids = i [ ate [Ou(¥h yd) — vty yO.) 

M M 


=i ye dt dyy"Oyvi —t i dtg Diy". 
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The boundary integral again vanishes under the same dependence on the dis- 
tance near spatial infinity, and 


(3.21) (i la dz dir?) =i if dz dry" Oye. 

Similarly, 

(3.22) (i d dr drr",¥) =i } dix b+ 2y"O,ho. 

The complex conjugate of idyyA,v2 is 

(3.28) (br Outba)* = —i(d} yy" Quba)* = —iW (74) O,v} 
= 400) (y) 9d == Wh (to 
= ~idubhy yd. 


which is integrated to 
(3.24) i [ate Obert =~ [ate (O,(dhvn) — dar" Qy] 
= L dedayO,vr — i I Bn Bas 


and 
(3.25) (i / avy? 3,t) =i y toby Oytbr. 


Therefore, the fermion action is real if arg ki = arg k2 or arg ky = arg ko+7. 

When |k;| > |ko|, the fermion field is predominantly a Majorana spinor, 
the mass is proportional to Re(kjk2), and the current is nearly equal to 
|u|? ¢_f d4a yyy"Ouv1. The current then can be large even for an infinitesimal 
mass. Since the electron does have a non-zero mass, ki(e~) > k2(e~) > 0. 
It would be a field with a mainly Majorana spinor and an infinitesimal anti- 
Majorana spinor component. 


4. A Transformation from Weyl Spinors to Majorana Spinors 


The neutrino is generally described by a left-handed Weyl spinor vz. This 
field and the electron form an SU(2) doublet in the standard model. Experi- 
mental data from cosmic rays reflect the occurence of a reaction e~ + W~ve, 
with the effective mass of the W~ boson being reduced by an effective factor 
of 3 [4][12]. A study of the nonrelativistic form of the wave equation for a real 
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Majorana spinors demonstrates that the wavefunction would be a solution to 
a Schrédinger equation 


3n? OY 
(4.1) Foe? +V(y)p= barra 


with an effective mass reduced by a factor of 3. Consequently, the electron 
may be regarded as a primarily Majorana spinor. 

Since Cs ) is an SU(2) isospin doublet, the existence of a rotation from 
a Weyl to a Majorana spinor may be examined. The gamma matrices will 
be defined in the chiral representation in the remainder of this section. With 


the matrix 75 = ae i the chirality conditions (1 — ys), = 0 and 


Do 
(1+ +5)¢r = 0 have the solutions 


UV 
vu vie 0 0 
=| 2 |] o| va ve iff Ay.) 8 8 
(4.2) dr= co UL Bis) a 


oo 
o 
() 
= 
= 
= 


Ye 


Yi 
vu ve 
—| v2 |_| va tee 
(4.3) ou = St oa ay: IE 
—¥3 vu —vie 
vi 


where v1 = di + ive and Yo = vo1 + iva. The matrix equation 
(4.4) Abr=vn, 


has the solution 
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(4.5) ay=1 a2 =0 
a2 =0 a22=1 
ag) = —Zbaatb22 agp = Vinbe2 t+ Hiaar 
ot det Ue st det V2 
— Vinee + diohar _ _2vuvie 
oa det Wo 42 det Wy 
(vu v2 
Yar = ( wor ve2 } 
The remaining elements are undetermined. The matrix can be completed to 
-(h 0 
(4.6) Az ( - ) 
foc —2Qrhai 22 vrrv22 + Pieper 
2 det V2 \ vider + Vi2ve —2yprdi2 
with the identities 
(4.7) det Ap = —1 
A= Is 
det A=1. 


This formula is consistent with an automorphism of a doublet. The matrix A 
belongs to a Zz subgroup of SL(4;C). In the complex formulation, 


(48) “|? -(¥) 
_ vi 


and A§ preserves the norm of vectors in C?. Since |det A$| = 1, and there 
is a bijective correspondence between the matrices of the form A € SL(4;R), 
ASe SL(2;C) USL~(2;C), where SL~(2;C) is the set of special linear trans- 
formations in C? with determinant —1. Since A € SL(4;R) and det Ay = —1, 
Ag € SL~(2;R) C SL~(2;C). Multiplication by ( : ; ) gives an element of 
SL(2;R) C SL(2;C) 

(49) 

eee Ae oe drurvert diovan = —2ehar yon 
i det Vop —2Qvudi2 Uute2+ Yi2ve )* 
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There is a bijection from the set {Ays5} to { ( Fl : ) \, and a subset of an 


SL(2;R) subgroup of SL(2;C). 
A solution to the equation 


V4 
(4.10) Bur =vu =| ~%3 
vs 
va 
is 
_( -I2 Bo 
(4.11) B= ( i. ) 
arrbar 
eee —(vs1Va2 + d32¥a1) 
2 det Woz | —(Vsida2 + Vsoba1) 
231041 
—( ¥s1 v2 
Van = ( va van ) 
It follows that 
(4.12) det By =-1 
Bok 
det B=1. 


There is a bijective correspondence between the set of matrices {-—Bys} in 
SL(4;R) and a subset of SL(2, R). 

Similarly, the transformations from the chiral spinors to an anti-Majorana 
spinor 


(4.13) Al’r=VA 
Bb, =a 
are given by 
paz ( te 0 
(4.14) A= ( Abe fly ) 


Ab =—Ap 


and 
(4.15) Bl= ( = ) 


The sets {A’y5} and {—B’y5} can be mapped bijectively to subsets of SL(2;R). 

The bilinears }yvz and yzwz, vanish, and chiral spinors describe massless 
fields. Suppose that the nearly chiral spinor is v = «yvz + K2VR, where k > 
*g. Then 


(4.16) mbv = m[kjK2VivR + KiK37RVL] = 2Re[KjKeDpvR]. 
The initial set of solutions to Eq.(4.11) yields 

(4.17) ot? > vi, (B-})t4? = vi, Bry? =iy7BTy. 
If 

(4.18) UR (B') v4 = Ba. 

(4.19) Drvp + DyyBT YB! v4 

From 

(4.20) BT B! = —Ia, 

it follows that 

(4.21) Pvp + —Duva. 

When the solutions {A, B,C, D} are replaced by {Ay5, —B5, Cs, —Dys5}, 
(4.22) Pt > -vh( BY? 957° = —huy(Bo)* 957°, 
(4.23) UR > —715(B! —)va 

and 

(4.24) 


PrvR = —Du?(BO) 957? (—y6(BY) va = —2ury? (BYP (BY) v4. 
Since 


(4.25) 
sresrnar=-(8 8)(-B 2)(8 8)(8 8) 
(8%) 
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(4.26) DyyR > Dyva + Wy ( : < ) VA. 


It may be noted that vz and vg can be derived from two different spinors. If 
vz = H(1—75)v and vp = (1+ 5), 


wy 
ee «0,( 0 bh v2 
(4.27) DrvR = (00 v3 vj) ( h 0 
0 
0 
= V3, + U5. 
Ys Y 


When the spinors yy and v4 are set equal to va and “a 


Wy vy 
yy -y 
spectively, in the mass term mi,;vp vanishes because Zyyv4 = 0. 
A coincidence of the spinors generating vyg and v4 will be necessary for the 
reduction of any remaining bilinears. Given that 


epted 2v31V42 —(Vs1v42 + 32041) 
(4.28) B= det Voz, ( —(v3iva2 + 3241 2v31V42 
anf PS Pee 
Van = ( V4. 42 ) ; 
(4.29) Du ( . ) va=(4R2| 


“% 
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Expressing the complex component of the spinor as two real components, 
the above matrix product can be written in the form 


(4.30) 


1 Ys 41 Qvarvae —(v3iva2 + v32V41) 
det Var, \ —v32 —v42 —(v3iva2 + ¥32V41) 2v31¥32 


1 V31 Vay M41 —V42 
= Vo 
det Voy, ( 32 42 det(Var) —V31 32 
_f 0 =d#tVes \ 0) 1 
= set he 0 )-( o. ) det Yan 


The bilinear Dyyv4 is real because it equals the complex conjugate (Ouva)* = 
Davy. By contrast, 


wan (ou(8 3)" = (dat (2 3 )on) 


0 
=A( 3, 0) mes = Par? i Yum 
0 
Since 
of 9 O\) o_ (0 Bo 
(4.32) ¢( ge hv=(i F): 


However, 
0 0 B 0 B, os 
(4.34) mu (9 ¢ )ua=whe (9 0 va=(he( 4 0 )*) 
0.0 0 B. 
-4( 8, 0) Cte = oF ( 5  ) Cra 


= 399 - 


With the matrix products 


(4.35) ( . . 


)(%0 2) =(0 “5 ) 


ion 0 0 B\_ (0 io*Be 
0 -io? oo {ee s 


Therefore, iuyy ( : 0 


(4.37) Im [ea ( 


The commutator equals 


By 


) va, is a complex number and 


0 By __1 rf 0 -i[Be, 0] 
0 0 ) 4] =H (9 0 uM 


r 0-1 
(4.38) [Bo, -io?] = [2>.( 10 )] 
= ol 3142 + V32V41 —2v3iv32 
det Voz 2v4iv42 —(¥31V42 + V32V41 
_ ( —(siva2 + vsavar 2v3iv32 
—2y4V42 3132 + V32Va1 
31¥42 + 3241 
ee —2v31V32 
detVoz, 2v41V42 


—(v3iv42 + V32V41 


) 


met 2 Ba - tor vsivae + v32V41 —2v31032 
wis [rw ( 0 0 ) vl ~~ det Vaz 4 2v4iva2 —(Varvag + vgeva, ) 


ee (vj vg) (131482 + Y32V41 —2v31V32 vg 
det Voz 43 Qv41va2 —(v31¥42 + V32V41) 
Ze 
Expressing the complex components as two real components, 
(4.40) 
= O B: 
mu) 
ae ol “V4. 31 V3iV42 + V32V41 —2vg1V32 V3 ¥32 
det Var \ “42 —V32 2v41V42 —(v31Va2 + Vgavar v4 Y42 


___? M4. ¥31 ¥31 —V32 

det Var ( M2 —V32 ) det(Var) ( M41 —Va2 ) 

__;( 0 -detVen\__.f0 -1 

= tt aa 0 Sat a Gj oe 

which is consistent with the evaluation of 74 ( 4 7 ) vy since the matrix 


( c ra ) is the 2 x 2 matrix representation of the imaginary unit i. Then 


(4.41) mm ( 4 - ) vy =i det Vor 

and 

(4.42) miv = 2m Re[kKjk2(Duva + 2i det V2z)). 
Setting mZyv,4 equal to zero, 

(4.43) mbv = 4m Re [xine i det Vat] . 
Since 

(4.44) iy — v3) | 8 | = 2@aiva2 — va2var), 


U4 
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(4.45) det Var = S05 - 4) | 
4 
By the definition of vz, 
(4.46) Dz =vb7° = (vf vj 0 0) 
and 
3 


. 2 
(4.47) ,Crovr = (vf vj 00) ( t g ” ) “4 |=(t-)| * 


lon 
0 "4 
0 
It follows that 
(4.48) det Vaz, = 5PLC7v1 
when vy = $(1—5)v, vp = 3(1+95)v, 1 = V3, vp = 4, and 
(4.49) mov = 2m Re[—Kj K20,CvaR). 
Equivalently, 


1 1 espa 
(4.50) (vg —v3) i [ee Yir5 (1-18) 5 (1-15) 7004 =DyC 15 (+15)1°va 
"%4 
and 
1 
(4.51) miv — 2m Re [xinaru 5 +75)7va 
Now consider 
(4.52) Im RelixaC*®), 


where vy, and vp are chiral projections in an 8-component spinor. The above 
process of deriving the mass term, and then transforming it to a form such as 
that given in Eq.(4.51), results in 


(4.53) 22m Re[Kjravir-Mon-1,4e-) 
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after the (n — 3)*" iteration, where ft and 1 are embedded in spinors with 
2"* components with 2"*—! < 4k < 2* components, if the initial bilinears in 
the expansion of 7D Ae» vanish, similarly to Dyva, for 2< &<n—1. 
The mass may be left in the form 

(4.54) 2m Relxinav Orr," 9) 

after the (n — 2)" iteration, where var) ar) are spinors with 4n non-zero 
components, I) is a product of gamma, generalized charge conjugation and 


transformation matrices, and PEP” oy denotes those terms propor- 
tional to a scalar bilinear. 


5, The Maximal Iteration of the Transformation of the Scalar 
Bilinear 


The transformation from the bilinear Dzvp to Dyv4 + 2Wyy 3 4 ) vA 


reflects the embedding of two-component spinors into four-component spinors 
and SL(2,R) into SL(4;R) and SL(2;C). Iterations of this transformation sim- 
ilarly would require the embedding of spinors with 4k components into spinors 
with 2"* components, where 2"*~! < 4k < 2"*, characteristic of spinors in 2nj, 
and 2n, +1 dimensions, 

The spinor space of the standard model 63_,(C @ H @ O); is a direct 
sum over the three generations of fermions. When a single generation con- 
sists of a lepton, lepton neutrino of both chiralities and two quarks with 
three different colours. amd two chiral lepton neutrinos can be combined 
in a four-component spinor, the number of particle and antiparticles would 
equal 16, The automorphism group of the spinor space is the wreath product. 
G2 x SU(2) x SU(1) wr S3, where S3 is the symmetric permutation group. 
The fundamental representation of G2 is seven-dimensional, and the theory of 
the strong interactions has this symmetry at higher energies with the charges 
of the quarks having seven values. The fermions in one generation in a unified 
model of the fundamental interactions then would consist of 32 particles and 
antiparticles. 

The expectation value of an operator may be given by quotient a sum of 
over a complete set of states by the quotient of the sum over states of the 
expectation value of the identity operator 


La (0l7la)(v|a|0) 


is (0lPHl0) = S* (Ola) (a0) 
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The physical states must be identified with the fermions and anti-fermions in 
each generation. In a unified theory with a G2 x SU(2) x U(1) symmetry. 
The iteration of the process described in §4 generates a spinor with 4n 
components, which represents all of the quantum states in place of the par- 
ticle and antiparticles in the fermion multiplets simultaneously when n = 32. 
This spinor, related to the neutrino that will be designated to be 11, can 
be decomposed into a tensor product of four-component spinors. Then the 
above method is sufficient to generate from v; an entire set of quantum states, 
{1, 2, ..., 16} in place of the particles in one fermion generation and substi- 
tute {71,79,...,716} for the antiparticles. Setting 
(5.2) 


{la)} = [con + |b) + bonus] ® [oda + ot wn. + bv] 
~® [0 +|v)i6+ .. + wraps 
® (i: + [Pit + \..0)| 


0 ® [ise |P)16+ wn + [7.0] lea 


where the states are restricted to have a maximum of 32 entries. Decomposing 


this spinor into a tensor product of four-component spinors, the numerator 
equals 
(5.3) 
DY Olea...Prela) (alrr...r16...) = (O|P2...0r6r1..1i6|V2..rr602..216) 
@ 
(Y1-..M1601-..716|1«.7160 ...716|0) 
because only the single quantum state consisting of all fermions in the gener- 
ation will produce a nonvanishing expectation value. The denominator is 


(5.4) Sle) (alo) = (0/0)1 1(0|0) +... + (0|0)16 16 (0/0) 


a 
+ (0|0)1 1(0|0) +... + (0|0)16 16(0|0) 
= 32. 
The process described in §4 cannot be continued beyond the 30** iteration 


because the sum is evaluated over the 32 quantum states in one generation. 
Then, the vacuum expectation value of the mass term would be 


tL 
(5.5) Gym, (O|Re[rjwaD GO C92 (4082) (/ (4082) jp2),, 42) Ig), 
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Since C* = I, the effective mass equals approximately 


sem, = 26m. 
The mass of the electron [14] is experimentally measured to be 


(5.6) 


(5.7) ‘Me = 0.51099895000 + 0,.00000000015 MeV/c?. 


If the electron is the final state of the algorithm, the effective mass of the 
electron neutrino predicted by this algorithm is 


(5.8) my, % 0.0076144777238368 + 0.000000000002235 eV/c?, 


which coincides with the experimental value. 

This method also will provide a connection between mass terms of leptons 
and neutrinos in the second and third generations. Extra structure in the 
geometrical models of quarks occurs in these generations. The description 
of leptons, however, would remain uniform in the absence of this structure. 
Furthermore, Koide’s relation is valid both for leptons [10] 


(5.9) e+ myte = 3 (Vite + Vit + Vinx)? 
and neutrinos [8][11][15] 


2 
(5.10) m,+my, +my, = 5 (Vi, + ity, + Vit)”. 


These numerical equalities are compatible when the proportionality between 
the masses of the lepton and neutrino continues to hold for the second and 
third generations. Given the masses of the muon and the 7 lepton [14] 


(5.11) My = 105.6583755 + 0.0000023 MeV/c? 
m, = 1776.82 + 0.16 MeV/c”, 


the neutrino masses then would be predicted to be 


(5.12) my, = 1.574432484 + 0.000000034 eV/c? 
my, = 26.47668 + 0.00238 eV/c’. 
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6, Derivation of the Modified Nonrelativistic Wave Equation 


The Schrédinger equation may be derived from the Hamilton-Jacobi equa- 
tion [13] and the path integral [6]. Given the Hamilton principal function or 
action 


(6.1) S(Z,t) = [ts 
the Hamilton-Jacobi equation is 

as 30S 
(6.2) -3= H (a a) 


where 3 = p. The Hamiltonian of a nonrelativistic particle of mass m in a 
potential V(q) is 


(63) HGR) = =P + VO 


and 


os 1 es as es 
oa (« af) ~ 2m Ca + a@pt aa) ew 
Then the Hamilton-Jacobi equation is 
1 as es as sam) + os 
6.5 = (2 v@=-F. 
ee aes (Bett Oa ae * ape) += 
If ¥(Gt) = rn 


os ih Ow 
os ag = vag 
aS __ indy 
ag ~~ woe 
aS indy 
agp Ags’ 
aS indy 
a ee 
and 
is 2 ihOp 
(6.7) = (-5) Vu+v@g=F2 


At points where the wavefunction does not vanish, such as the interior of a 
potential well, this equation can be multiplied by 7 to give 


Ww _» _ 00 
(6.8) am V Yt VOY= ing 


- 406 - 


To modify the wave equation, it is necessary to alter the Hamiltonian. Mul- 
tiplying the kinetic term by 3 in Eq.(5.4), 
es 3 os es as 
(9) (a FE) = a5 (aque ame aa) YO 


for particles that can be described by Majorana spinors. The Hamilton-Jacobi 
equation becomes 


3 as as as Os 
610) am Gar * agp t ar) +V@) =~ 
By Eq.(6.6), 
(6.11) Soy +V(Qyv = neon, 


If w is independent of z! and 2°, and ¥(@,t) = vo(qe***, 


3h? 
(6.12) -5 dv + Vv = By 
which is equivalent to Eq.(2.5). 


The path integral over an infinitesimal time integral gives the amplitude [9] 
from ¢ to t+e, 


20 a(tte) 
13) W(yjt +e) = / De ¥(2;t) if S(t) Die(2), 
00 2(t) 
Over an infinitesimal time interval, the action of a nonrelativistic particle of 


mass m in a potential V(z) is 


“n(t-+e) 1 - 
(6.14) i L (a, &, t)dt (2 - ve@)) é. 
x(t) 2m 
By the Baker-Campbell-Hausdorff formula, 
(6.15) e(i( art? —V(2))e+ le V(@)e?+0(€%)) _ pata, iV(x)e. 
Then 


(6.16) v(ystte) = / W(a;t)eV ers ae + O(62) 


ey)? ee 
Since ev “0 for « # y and et 2 fore — y, it is sufficient to regard 
—y)? e 
2% ao an expansion 1f(2,3) ~}[ Flu) eB (e-») +484 
ined yrs 
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WP + sn] where Hew) w 0, ews 


= 0 and bat = 2, Setting 
yer 


yee lyre 

y — © =e, integration by parts and division by ¢ by parts yields 
Cc 

(6.17) : =a VOW 


in the limit ¢ + 0. Replacing the Lagrangian by ot? — V(z), the path 
integral over the infinitesimal time slice {t,t + ¢] produces the equation 


(6.18) 2p Eved 2 + vieyy(e,t) = PED 


which is the time-dependent version of the modified nonrelativistic wave equa- 
tion in §2 in the units with h = 1. 


7. Conclusion 


The generalization of the momentum operator to introduce a real compo- 
nent of the quantum commutation relations requires a matrix term for her- 
miticity. The resulting nonrelativistic equations are matrix equations for a 
four-component spinor. It may be reduced to a differential equation for a real- 
valued Majorana or anti-Majorana spinors. The Schrodinger equation with 
an effective mass reduced by a factor of 3 is derived for the real-valued Majo- 
rana spinors. The second class of real anti-Majorana spinors would solve the 
standard Schrédinger equation. 5 

These conditions on the spinors may be combined with the Dirac conjugate 
to prove the vanishing of a set of bilinears, including dy for both classes. 
Furthermore, it can be checked that an anti-particle is defined by the equiv- 
alent of an anti-Majorana condition when the particle is represented by a 
Majorana spinor. The bilinear representing the current of this anti-Majorana 
anti-fermion, with a Majorana fermion, may be demonstrated to be zero. This 
result provides a theoretical explanation of the zero-energy state consisting of 
negative-energy electron states being filled and essentially no positron current. 

Given this discussion of the positron current, and a theoretical prediction 
for the reaction e~ ++ Wy, in cosmic rays, the electron can be described as 
a linear combination of Majorana spinor and an anti-Majorana spinor, where 
the coefficient of the first field being much larger. The neutrino is a nearly 
massless, chiral spin-} field. Since the electron and the chiral neutrino form 
an SU(2) in the electroweak model, the existence of transformations from 
Weyl spinors to Majorana spinors is investigated. The matrix may be mapped 
bijectively to a subset of an SL(2;R) subgroup of SL(2;C), the spin covering 
of the Lorentz group, and it is separate from an isospin rotation. Both the 
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neutrino and the electron would have a nonvanishing mass by the existence of 
this transformation. 

The mass term of the neutrino is transformed into a bilinear consisting of a 
Majorana spinor, a product of matrices and anti-Majorana spinors. When the 
Za transformation is included, the product equals the negative of the identity. 
If the set of transformation matrices is given by multiplication with ‘ys, the 
product in the bilinear may be equated to the sum of the identity and a 
nilpotent matrix. The identity yields a scalar bilinear 7; that vanishes. 
The second matrix gives rise to 2i det Voz, where the matrix Voz, is composed of 
the real components of vz. This determinant may be reformulated in terms of 
Dz and vp, the initial chiral spinors. Then, mass term of a new quantum state 
can be defined by projecting a product charge conjugation and +y matrices to 
the identity, and replacing the spinors in the bilinear by aul) and v\®), These 
four-component spinors would be the equivalent of the two-component spinors 
upon the embedding into a general eight-component spinor. The numerical 
coefficient of the bilinear increases by a factor of 2. 

This algorithm then generates a sequence of mass terms of quantum states 
that stops after a finite number of iterations. The number of iterations can 
be related to the number of components of spinors representing fermions in 
a single generations as a result of a completeness relation for the expectation 
value of an operator. Since the number of spinor components of only parti- 
cles in one fermion generation is 32, the number of iterations of the initial 
transformation is 30, and normalization of the expectation value requires a 
quotient by 32. Then the effective mass of the final state is increased from 
the neutrino mass by a factor of 425! = 2°. The final quantum state in 
the sequence would be the lepton. Recent experimental measurments of the 
mass of the electron neutrino mass coincide with 33s of the electron mass. 
The proportionality between the lepton and neutrino mass in the second and 
third generations is consistent with the Koide relation. It yields theoretical 
predictions for my, and my, and verifies the direct sum structure of the spinor 
space of the standard model. 


~ 409 - 


REFERENCES 


{1] S. Davis, Quantum Theory of the Fermion Field near Classical Scales, RFSC-17-26. 

2] S. Davis, The Equation for the Wavefunction in Nonrelativistic Quantum Mechanics, Bull. Pure 
Appl. Sei. 40B (2021) 127-134. 

3] S. Davis, Relativistic Quantum Scalar Fields, Bull. Pure Appl. Sci. 40D (2021) 25-33, 

'4] S. Davis, The Quantization of a Theory of Charged Scalar Fields, Bull. Pure Appl. Sci, 40D 
(2021) 106-120. 

5] P. A. M. Dirac, The Quantum Theory of the Electron, Proc. Roy. Soc. London A117 117 (1928) 
610-624. 

(6] R. P, Feynman, Space-time Approach to Nonrelativistic Quantum Mechanics, Rev. Mod. Phys. 
20 (1948) 367-387, 

7| R. P. Feynman, The Theory of Positrons, Phys. Rev. bf 76 (1949) 749-759. 

'8] J. M. Gérard, F. Goffinet and M, Herquet, A New Look at an Old Mass Relation, Phys. Lett. 
633B (2006) 563-566. 

(9] H. Kleinert, Path Integrals in Quantum Mechanics, Statistics, Polymer Physics and Financial 
Markets, World Scientific Publishing Company, Singapore, 2006. 

10] Y. Koide, A Fermion-Boson Composite Model of Quarks and Leptons, Phys. Lett. 120B (1983) 
161-165. 

11] N. Li and B. Q. Ma, Estimate of Neutrino Masses from Koide’s Relation, Phys. Lett. 609B 
(2005) 309-315. 

12] M, Schein and P. S. Gill, Burst Frequency as a Function of Energy, Rev. Mod. Phys. 11 (1939) 
267-276. 

13] E, Schrédinger, Quantisierung und Higenwertproblem, Ann. Phys. 79 (1926) 361-376, 

14] R. L. Workman et al. (Particle Data Group), The Review of Particle Physics, Prog. Theor. Exp. 
Phys. 088C01 (2022). 

15] Z. Xing and H. Zhang, On -like Relations for the Running Masses of Charged Leptons, Neutrinos 
and Quarks, Phys. Lett. 685B (2006) 107-111. 


